Radiative Corrections to QCD Amplitudes in Quasi-Multi-Regge Kinematics by Fadin, V S et al.
Budker INP 2003-13
RADIATIVE CORRECTIONS TO QCD AMPLITUDES IN
QUASI-MULTI-REGGE KINEMATICS 
V.S. Fadiny, M.G. Kozlovz A.V. Reznichenkoyy
Institute for Nuclear Physics, 630090 Novosibirsk, Russia
and Novosibirsk State University, 630090 Novosibirsk, Russia
Abstract
Radiative corrections to QCD amplitudes in the quasi-multi-Regge kinematics are
interesting in particular since the Reggeized form of these amplitudes is used in the
derivation of the NLO BFKL. This form is a hypothesis which must be at least care-
fully checked, if not proved. We calculate the radiative corrections in the one-loop
approximation using the s-channel unitarity. Compatibility of the Reggeized form of
the amplitudes with the s-channel unitarity requires fulfillment of the set of nonlinear
equations for the Reggeon vertices. We show that these equations are satisfied.





In the limit of large center of mass energy
p
s and xed momentum transfer
p−t (Regge
limit) the most appropriate approach for the description of scattering amplitudes is given
by the theory of complex angular momenta (Gribov-Regge theory). One of remarkable
properties of QCD is the Reggeization of its elementary particles. Contrary to QED, where
the electron does Reggeize in perturbation theory [?], but the photon remains elementary
[?], in QCD the gluon does Reggeize [?]-[?] as well as the quark [?]-[?].
The phenomenon of the Reggeization is very important for high energy QCD. In particu-
lar, the BFKL approach [?] to the description of high energy QCD processes is based on the
gluon Reggeization. It was assumed in this approach that the amplitudes with colour octets
and negative signatures in channels with xed (not increasing with s) transferred momenta
have the Reggeized form. In the leading logarithmic approximation (LLA), when only the
leading terms ( S ln s)
n are resummed [?], the assumption was made about the amplitudes
in the multi-Regge kinematics (MRK). Remind that the MRK means large invariant masses
of any pair of nal state particles and xed transverse momenta; we include here the Regge
kinematics (RK) in the MRK as a particular case. The Reggeized form of these amplitudes
in the LLA was proved [?], so that in this approximation the BFKL approach is completely
justied.
Now the BFKL approach is developed in the next-to-leading approximation (NLA), when
the terms S(S ln s)
n are also resummed. The kernel of the BFKL equation for the forward
scattering (t = 0 and colour singlet in the t-channel) in the next-to-leading order (NLO) is
found [?],[?] . The calculation of the NLO kernel for the non-forward scattering [?] is
not far from completion (see [?],[?]). The impact factors of gluons [?] and quarks [?] are
calculated in the NLO and the impact factors of the physical (colour singlet) particles are
under investigation [?],[?],[?],[?],[?].
The NLO results are obtained assuming the Reggeized form both for the amplitudes in
the quasi-multi-Regge kinematics (QMRK), where a pair of produced particles has xed
invariant mass, and for the MRK amplitudes in the NLA. It’s clear that these assumptions
must be at least carefully checked, if not proved. It can be done by revision of the "bootstrap"
relations [?], appearing from the requirement of compatibility of the Reggeized form of the
amplitudes with the s-channel unitarity. For the elastic amplitudes these relations impose
the bootstrap conditions on the colour-octet impact factors and the BFKL kernel in the NLO
[?]. The conditions for the impact factors of gluons [?] and quarks [?], as well as for the
quark part of the kernel [?], were shown to be satised at arbitrary space-time dimension
D. For the gluon part of the kernel fulllment of the bootstrap condition was proved at
D ! 4 [?], in particular, because this part was available at that time only in such limit.
Now it can be done at arbitrary D, since the kernel at arbitrary D is calculated [?].
Evidently, the bootstrap relations must be satised for all amplitudes which were assumed
to have the Reggeized form, so that there is an innite set of such relations. Since the
amplitudes are expressed in terms of the gluon trajectory and a nite number of the Reggeon
vertices, it is extremely nontrivial to satisfy all these relations. Nevertheless, it occurs
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that all of them can be fullled if the vertices and trajectory submit to several bootstrap
conditions [?]. On the other hand, the fulllment of all bootstrap relations secures the
Reggeized form of the radiative corrections order by order in the perturbation theory. On
this way the proof of the Reggeization was constructed in the LLA [?]. An analogous proof
can be constructed in the next-to-leading approximation (NLA) as well [?].
The bootstrap relations for the multi-particle production amplitudes give [?], in partic-
ular, stronger restrictions on the octet impact factors and kernel, than the relations for the
elastic amplitudes. These restrictions are known as the strong bootstrap conditions sug-
gested, without derivation, in [?, ?], which lead to remarkable properties of the colour-octet
impact factors and the Reggeon vertices [?], that their ratio is a process-independent func-
tion. In the NLO this quite nontrivial property was veried by comparison of such ratio for
quarks and gluons [?]. Moreover, the process-independent function mentioned above must
be the eigenfunction of the octet kernel. In the part concerning the quark contribution to
the kernel it is proved rather easily [?], [?],[?]. To do this for the gluon contribution requires
much more eorts, but recently it was also done [?].
In this paper we investigate the bootstrap relations for the production amplitudes in
the QMRK. We calculate the one-loop radiative corrections to these amplitudes using the
s-channel unitarity, derive the bootstrap conditions for the production vertices and demon-
strate that they are fullled.
The next Section contains all necessary denitions and denotations. Then, in Section
3, we consider the amplitudes with a couple of particles in the fragmentation region of one
of colliding particles. We calculate the one-loop radiative corrections for these amplitudes
and derive the bootstrap conditions for the Reggeon vertices in the QMRK in Subsection
3.1. In Subsections 3.2, 3.3 and 3.4 we demonstrate that these conditions are satised for
quark-antiquark, gluon-gluon and quark-gluon production respectively. Next we consider
production of a couple of particles with xed invariant mass in the central region of rapidities.
Subsection 4.1 contains the calculation of the one-loop radiative corrections and derivation of
the bootstrap conditions. Fulllment of these conditions is proved in Subsections 4.2 and 4.3
for quark-antiquark and gluon-gluon production respectively. Signicance of the obtained
results is discussed in Section 5.
2 Definitions and denotations
Considering collisions of high energy particles A and B with momenta pA and pB and masses
mA and mB we introduce light cone 4-vectors p1 and p2 so that
where
sissupposedtendingtoinfinity; andusetheSudakovdecompositionofmomenta








p1 ; s = 2p1p2 ’ (pA + pB)2 ;
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where s is supposed tending to innity, and use the Sudakov decomposition of momenta
p = p1 + p2 + p? ; s = p2 − p2? = p2 + ~p 2 ; (2.2)
where the vector sign denotes components of momenta transverse to the pA; pB plane. They
are supposed to be limited (not growing with s).
According to the hypothesis of the gluon Reggeization the amplitude of the process
A + B ! A0 + B0 with a colour octet in the t-channel and negative signature (that means












t = q2 ’ q2? = −~q 2 ; q = pA − pA′ = pB′ − pB ; j(t) = 1 + !(t) ; (2.4)
j(t) is the gluon Regge trajectory, ΓcP ′P are the vertices of the Reggeon interactions with
scattered particles, c is a colour index. The form (2.3) represents correctly the analytical
structure of the scattering amplitude, which is quite simple in the elastic case. In the BFKL
approach it is assumed that this form is valid in the NLA as well as in the LLA. Remind that
in each order of perturbation theory amplitudes with negative signature do dominate, owing
to the cancellation of the leading logarithmic terms in amplitudes with positive signatures,
which become pure imaginary in the LLA due to this cancellation. Note that the amplitude of
the process A+B ! A0+B0 can contain contributions of various colour states and signatures
in the t-channel, so that, strictly speaking, we should indicate somehow in the L.H.S. (2.3)
that only the contribution of a colour octet with negative signature is retained. But since
in this paper we are interested only in such contributions, we have omitted this indication
to simplify denotations. We do the same below considering the inelastic amplitudes, so that
a colour octet and negative signature is always assumed, without explicit indication, in the
channels with gluon quantum numbers.
In the leading order (LO) the vertices of the Reggeon interactions with quarks and gluons
have very simple form in the helicity basis:
ΓcP ′P = gT
c
P ′P λP ′λP ; (2.5)
where g is the QCD coupling constant, T cP ′P are the matrix elements of the colour group
generators in corresponding representations and -s are helicities of the partons. But we’ll
need a basis-independent form of the vertices. For quarks with momenta p and p0 having
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Figure 1: Schematic representation of the process A+B ! P0 +P1 +   +Pn+1 in the MRK.
The zig-zag lines represent Reggeized gluon exchange; the black circles denote the Regeon
vertices; qi are the Reggeon momenta, flowing from the left to the right; ci are the colour
indices.
For gluons with predominant components of momenta along p1 we’ll use physical polarization
vectors e(p)p = e(p0)p0 = 0 in the light-cone gauge e(p)p2 = e(p0)p2 = 0 ; so that
e(p) = e(p)? − (e(p)?p?)
p2p
p2 ; e(p





ΓcG′G = −g(e(p0)?e(p)?)T cG′G ; (2.9)
with the colour generators in the adjoint representation. For momenta with predominant
components along p2 we have to replace in these formulas p2 ! p1 (evidently, this re-












(~q 2) : (2.10)
Here and in the following Nc is the number of colors, D = 4+2 is the space-time dimension
taken dierent from 4 to regularize infrared divergencies; Γ(x) is the Eueler function.
The necessary assumption in the derivation of the BFKL equation is the Reggeized form
of the production amplitudes in the multi-Regge kinematics (MRK), which means large
invariant masses of any pair of nal particles and xed transferred momenta. Denoting
momenta of nal particles in the process A + B ! P0 + P1 + ::: + Pn+1 as ki, i = 0 n + 1
(see Fig. 1),
ki = ip1 + ip2 + ki? ; sii = k2i − k2i? = k2i + ~k 2i ; (2.11)
we can put in the MRK
0  1     n  n+1 ; n+1  n     1  0 : (2.12)
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Due to Eqs. (2.11) and (2.12) the squared invariant masses
si = (ki−1 + ki)2  si−1i = i−1
i
(k2i +
~k 2i ) (2.13)
are large compared with the squared transverse momenta of produced particles, which are
of order of the squared momentum transfers:
si  ~k2i j ti j=j q2i j ; (2.14)
where
















i  q2i? = −~q 2i ; (2.15)







~k2i ) : (2.16)
The production amplitudes have a complicated analytical structure (see, for instance, [?],[?]).
Fortunately, only real parts of these amplitudes are used in the derivation of the BFKL
equation in the NLA as well as in the LLA. We restrict ourselves also by consideration of
































where γPicici+1(qi; qi+1) are the so-called Reggeon-Reggeon-particle (RRP) vertices, i.e. the
eective vertices for production of particles Pi with momenta ki=qi − qi+1 in the collision of
the Reggeons with momenta qi and −qi+1 and colour indices ci and ci+1. In the MRK only
gluons can be produced with the vertex





where a, k = q1 − q2 and e(k) are respectively colour index, momentum and polarization
vector of the gluon,














= −qµ1? − qµ2? −
pµ1
2(kp1)
(k2? − 2q21?) +
pµ2
2(kp2)
(k2? − 2q22?) : (2.19)
In the light cone gauge e(k)p2 = 0 we have
eµ(k)C
µ(q2; q1) = −2e?(k)







In the NLA the multi-Regge form is assumed in the BFKL approach for the production
amplitudes not only in the MRK, when all produced particles are strongly ordered in the
rapidity space, but also in the QMRK, when a couple of two particles is produced with
rapidities of the same order. The QMRK can be obtained replacing one of the particles Pi
in the MRK by this couple. Therefore the QMRK amplitudes have the same form (2.17) as
in the MRK with one of the vertices γPicici+1 or Γ
c
P˜P
substituted by a vertex for production of
the couple.






where now q = pA − k ; k = k1 + k2 ; k1 and k2 are momenta of the particles P1 and P2
correspondingly; for their Sudakov parameters we have 1  2  1 ; 1 + 2 = 1 ; 1 
2  O(1=s) : The produced particles can be gg or qq pair if the particle A is the gluon and
qg when the particle A is the quark.
If rapidities of components of the produced couple (it can be or gg or qq pair) are far
away from rapidities of colliding particles, then it is created by two Reggeized gluons, and
its production is described by the vertices γQQ¯c1 c2(q1; q2) or γ
G1G2
c1 c2 (q1; q2), where q1; c1 and
−q2; c2 are momenta and colour indices of the Reggeized gluons. The amplitude AA
′fP1P2gB′
AB
describing production on the couple P1 and P2 with the Sudakov parameters 1  2 













q1 = pA − pA′ ; q2 = −pB + pB′ ; ti = q2i ’ q2i? ;
s1 = (pA′ + k)
2 ; s2 = (pB′ + k)
2 ; k = k1 + k2 ; k
2  s1,2  s : (2.23)
Note that because the QMRK in the unitarity relations leads to loss of the large loga-
rithms, scales of energies in (2.21),(2.22) are unimportant in the NLA; moreover, the trajec-
tory and the vertices are needed there only in the LO. The trajectory in this order is given by
(2.10); the vertices are presented below. Remind that the vertices were extracted from cor-
responding amplitudes in the Born approximation, so that at the tree level Eqs.(2.21),(2.22)
are veried. What has to be checked is their energy dependence, i.e. the Regge factors s
ω(ti)
i .
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